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Q1. (a) Suppose that we are given a set of discrete points {z;} < 1*
a”x = b that strictly separates {z;}/<, from {z;}/%2 ), ie.,

. Show that there exists an hyperplane

ale; <b, i=1,...,K, ale; >b, i=K+1,...,K+1L,

T

if and only if there exist two parallel hyperplanes a'x = b—1 and a’z = b+ 1 which separate

{x;}K | from {=; fi}ﬂ_l in the sense that
a'z;<b-1, i=1,....,K, a'z;>b+1 i=K+1,...,K+L.
(b) Suppose that we are given K + L ellipsoids
e ={Pu+gq | lul2<1}, i=1,...,K+L,

where P; € S™. We are interested in finding a hyperplane that strictly separates €,...,ex from
€EK+1,---,€EK+L, .. we want to compute a € R", b € R such that

alz+b<0forzee U...Ueg, aTx+b>0f0rx66K+1U...U6K+L,

or prove that no such hyperplane exists. Express this problem as an SOCP feasibility problem.

Solution:
(a) Suppose that there exists an hyperplane a’z = b that strictly separate S; and Ss, i.e.,

ale; <b, i=1,...,K, ale; >b i=K+1,..., K+ 1L,
Then there exists an § > 0 such that
ala; <b—06, i=1,... K, afe; >b+6 i=K+1,...,K+1L,

or equivalently

(/) x; <b/6 -1, i=1,...,K, (a/0)Tx; >b/6+1 i=K+1,...,K +1L,

Then it suffices to take @ = a/e and b = b/e.
Conversely, given a and B, it suffices to take a = @ and b = b.

(b) Step 1. We first show that there exists a hyperplane a”z = b that strictly separates ey, ..., ex
from €x41,...,€Kx4L, i.6. we want to compute a € R", b € R such that

aTx<bforx€qU...UeK, aTx>bforx€eK+1U...UeK+L,
if and only if there exist @ and b such that

Txﬁé—lforméelu...UeK, dezl;—i—lforatEeK+1U...UeK+L.

N

T

Suppose such a hyperplane a* x = b exists. Consider the following problem

v = sup alx

zeR™
st. x€e U...Ueg,




This problem can be rewritten as

v* = max sup o’z
i=1,..,K gee;

An optimal solution of each of the inner problem is z¥ = P;Pla;/|| P ail| + ¢; if PFa; # 0,
and z7 = ¢; if PTa; = 0. Note that this optimal solution is achievable for each inner problems.
Therefore, we have

*

v* = max a’zf<b
i=1,...,

The inequality is due to the fact that each z¥ € ¢; and b > a’x for all # € ¢;. As a result, we

have
b > sup  alz,
xz€e1U...Ueg
Similarly, we have
b < inf alz.

reeg+1U...Uexyr

This implies that there exists a § > 0 such that
b—46> sup aT:r7
rx€er1U...Uegk
b+46< inf a’z.

r€ex1U...Uek 1L

or equivalently

alz<b-—dforrceU...Ueg, alaz>b+dforzcexiU...Uegir,
or equivalently

&Txgl;flfor:cEelu...UeK, aTiZ?ZZ~)+1fOI‘I€€K+1U...U€K+L7

where @ = a/§ and b = b/d.
Conversely, given a and b, it suffices to take a = a and b = b.
Step 2. With the previous result, the feasibility problem can be formalized as

S

find a,
st. Tz, <b-1,Vacei=1,... K, (1)
aTe; >b+1,Va,€e,i=K+1,...,K+L.

which can be written as

find @, b

st. |PTalls+a%qg<b—1, i=1,...,K,
—|\PTa;|s+a"¢ >b+1, i=K+1,... K+1L,

which is an SOCP feasibility problem.

Q2. Show how to convert the conic form SDP to the standard form SDP.
Conic form:

min ¢’z
rzeR"
st. riFi+...+z,F,+G=X0,
Az = b,



where G, Fy,...,F, € S¥ and A € R™*",
Standard form:

min  tr(CX)
Xesn
s.t. tI‘(AzX):bz, iil,...,p
X =0,
where C, Ay,...,A4, € S".
Solution: Introduce some PSD matrices Y, € Si, and Y; € Si fori=1,...,n. Then we write the
conic form SDP as
min 'z
xv{Yi}r?=U
s.t. Az =0,

—Yo=x1F1+...+x,F,+G
x; = [Yile, i=1,...,n
Y, =0,i=0,...,n.
We now can remove the variable z.
n

min Z Ci[Y;']lg

Wiro i
s.t. ZAji[Y;]H:bj; jzl,...,m
i=1

_YO: [Y1]12F1+...+[Yn]12Fn+G7
Y;>=0,i=0,...,m.

Introduce a PSD matrices Y € ST‘Q", which has the block diagonal structure of Y = diag(Yp, ..., Yy).
Note that this block diagonal structure can be imposed by the constraint trA;Y = 0 for some A;.
Also note that all the equality constraints can be rewrite in this form as well. Therefore we can
rewrite the conic form SDP to a standard form SDP.




