ELEG5481 Signal Processing Optimization Techniques
Tutorial Solution 8
Mar. 24, 2013

Q1. Show that X = BT A~! B solves the SDP

min trX
Xesn

s.t 4 B =0
o BT Xx|—7

where A € ST and B € R™*™ are given data. Conclude that tr(BT”A'B) is a convex function of
(A, B), in the domain of 87 x R™*".

Solution: We will show that X = BT A~!B is the unique solution indeed. By Schur’s complement,

we can rewrite the problem as

min trX
XeSsn

st. X=BTA'B.

Therefore, X = BTA7!B is an feasible solution. We claim that X = BT A~ B is the only point
that satisfies the following two conditions

trX <trBTA'B
X = BTA1B.

Too see this, observe that X;; > [BTA7!B];; fori =1,...,n and trX = Y | X;; < trBTA™'B.
Therefore, we have X;; = [BTA™1B];; and [X — BTA™'B];; = 0 for i = 1,...,n. Because X —
BTA'B = 0, we have X = BTA-'B. To conclude, no other feasible point produces a smaller
objective value than X = BT A~'B. Therefore, X = BT A~'B is the unique optimal solution.
For convenience, let f(A,B) = tr(BTA™'B). For any A;,A> € ST, Bi,B, € R™*", and
0 <60 <1, we have
fOA + (1 —0)A5,0B; + (1 —0)Bs) = )I(Illél trX
e n
ot |:9A1 + (1 — G)AQ 0B; + (1 — H)Bg

>~ 0.
BT + (1 -0)BY X ]—O

We can replace X by 6X; + (1 — )X, where X;, Xy € S™,. Therefore,

fOA; + (1 —0)A2,0B1 + (1 —0)By) = < r%ins tréX; + (1 -60)X,
1,X2€8™
ot [9141 +(1-0)Ay 6B+ (1—-0)B,

> 0.
0BT + (1—0)BY 60X, + (1 — H)XJ =0

which can be upper bounded by
min troX; + (1 - 0)X,

X1,X2€8"
A B
.t. -
s.t {BIT XJ > 0,
A2 BQ
=0
{BzT Xj B

This is just 9f(A1, Bl) + (1 — G)f(AQ, Bg).




Q2. Formulate the following complex-valued infinity norm minimization problem as an SOCP.

min -zl

s.t. Az =0,

where A € C™*™ and b € C™. Hint: transform the complex-valued data and variable to real-valued
data and variable.

Solution: Denote x = xp + jx, where xp € R™ and z; € R™ are the real and imaginary parts of
x, respectively. Similarly, let A = Ar + jA; and b = br + jb;. Then we can rewrite the problem as

. 5 .
TR ,rﬂ?IlgR" z:Hll,aXm m
ot |Ar A1) |zr| _ [br
N A Ag xr N br |’
Adding a slack variable ¢, we have

min t
zr,x1€R?

st yJrh 4+, <t i=1,...,n,
Ar —Ar| |zr| _ [br
AI AR Ty bI '

which is an SOCP.

Q3. Consider the problem, with variable z € R",
min Lz
zeR"
st. Ax <bforall Aec A,
where A C R™*" is the set
A:{AGRmxn | Aij _‘/ij SA” SA”—FV;],Z: 1,...,m,j:1,...,n}.

(The matrices A and V are given.) Express this problem as an LP.

Solution: Let us first characterize the feasible set of x. Consider the following problem
max alx
a; ER"™
s.t. a; € A,

where A; = {a; € R" | A;; — Vij < a;; < Aij +Vij,j =1,...,n}. Obviously, an optimal solution is
given by some a;; = flij + Vi for i =1,...,m. Therefore, the constraint Az < b for all A € A can
be written as for i =1,...,m,

Z(Aij +V;;)z; <b, for all possible choice of sign of V;;.

j=1

This again can be written as
Az +Vi]z| <b




Therefore, the original problem can be written as

min 'z

z€R™
st. Az +Vi]z| <b,

which is equivalent to
min  fz
z,y€R"
s.t. Ax+Vy <b,

—y<xz<y.




