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Q1. Cone of polynomials nonngegative on [0,1]. Let K be defined as
K={ceR" | ¢ +cat+...+c,t" ' >0forte[0,1]},

i.e., K is the cone of (coefficients of) polynomials of degree n — 1 that are nonnegative on the interval
[0,1]. Show that K is a proper cone.

Solution: For convenience we define f.(t) = ¢y + cat + ... + ¢, t" L

K is a cone. If ¢ € K, then f.(t) > 0 for ¢ € [0, 1], which implies f,.(t) > 0 for ¢ € [0,1] for all
a > 0. Therefor ac belongs to K.

K is convez. Suppose ¢ and ¢’ belong to K, and 0 < A < 1. Then we have

Pret@=xe (1) = fae(t) + fa—xe (1)

As f.(t) and f. (t) are nonnegative on t € [0, 1], so are fx.(t) and f(1_x)e (t). Therefore fxci(1-x)e (t)
is nonnegative on ¢ € [0,1] as well.
We can also consider K as the intersection of half spaces, as we can write K as

K= () {ceR"f(t) > 0}.

te[0,1]

For a given t, {c € R"|f.(t) > 0} is just a half space. Intersection of closed sets is closed.

K is pointed. We need to show that f.(t) > 0 and f_.(¢) > 0on ¢ € [0,1] implies ¢ = 0. To show
that ¢; = 0, observe that f.(0) = ¢; > 0 and f_.(0) = —¢; > 0. Therefore ¢; = 0. Thus, we can
write fc(t) in the form of f.(t) =tf.1(t), where

feailt) =catest+ ...+ ent™ 2.

Since fc(t) > 0ont € [0,1], we have f.1(t) > 0ont € [0,1] as well. Thus f.1(0) = co > 0. Similarly,
we have ¢y < 0. Therefore co = 0. Continuing this process, we conclude that ¢ = 0.

K has nonempty interior. We show that the all-one vector 1 lies in the interior of K. We show
this by showing that for ¢ with ||c — 1|| < 1 belongs to K, i.e. f.(t) >0ont € [0,1]. As|c—1] <1,
we have ¢ = 0, therefore f.(¢t) > 0 on ¢t € [0,1].

K is closed. We can write K as

K= () {ee R".() = 0},

te[0,1]

For a given t, {c € R"|f.(t) > 0} is just a closed half space. By the result from mathematical
analysis that arbitrary intersection of closed sets is closed, we conclude that K is closed.

Q2. Show by definition that the function f(z) = ||Az — b|| is convex.

Solution:

fOx+(1-0)y) = [|0(Az—b)+ (1 -0)(Ay —b)|| <0 Az—b][+ (1 -0)[[Ay —b]| = 0 (x) + (1 -0)f(y)




Q3. Show by the first order condition that the function f(z) = 1/(z122) with domain R? | is convex.

Solution: We have
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We need to show that f(y) > f(z) + Vf(z)T(y — ) is true for all z and y. Indeed we have
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where the inequality is due to the arithmetic mean- geometric mean inequality for x € R,
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Q4. Show by using the second order condition that the function f(x,t) = —log(t? — 2Tz) is convex in

the domain {(z,t) e R" xR | t > ||z|2}.
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Therefore, we have

V2 f(z.1) = 2 [QxacT + (2 —2Ta) I 2tz }

(t2 — zTx)2 —2taT 2+ 27
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We now verify that V2 f(z,t) is PSD. Let (y,s) € R® x R. Then,

(t* —aTa)* o 2 T T T N2 2 T.N(2 T
o2t 7 )92 )" 5) = 2(ts — ) — (2 — aTa)(s — yTy) )
For (y,s) that satisfies s> < yTy, (1) is greater than zero. Next, let us assume that s? > yTy. We
have
lts —ay| > [ts] — |27y > |ts| = [[z][ly] > 0
Therefore

(1) = 2(Jts| = llzllllyl)? — (¢ = z"2)(s* = yTy) = (ts| = =yl + (ellly ]| — s]llz])* = 0.




