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Some Basics

• A function f : Rn → R with domf = Rn
++, defined as

f(x) = cxa1
1 xa2

2 · · ·xan
n

where c > 0 & ai ∈ R, is called a monomial function.

• A sum of monomials

f(x) =
K∑

k=1

ckx
a1k
1 xa2k

2 · · ·xank
n

where ck > 0 & aik ∈ R, is called a posynomial function.
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• The log-sum-exp function

f(x) = log(ex1 + · · ·+ exn),

where domf = Rn.

• The log-sum-exp function is convex on Rn.

• The following extended log-sum-exp function

f(x) = log(ea
T
1 x+b1 + · · ·+ ea

T
mx+bm),

where ai ∈ Rn & bi ∈ R, is also convex on Rn.
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Geometric Program

min
∑K0

k=1 c0,kx
a0,1k

1 x
a0,2k

2 · · ·xa0,nk
n

s.t.
∑Ki

k=1 ci,kx
ai,1k

1 x
ai,2k

2 · · ·xai,nk
n ≤ 1, i = 1, . . . ,m

dix
gi1
1 · · ·xgin

n = 1, i = 1, . . . , p

where D = Rn
++.

• The objective & inequality constraint functions are posynomials.

• The equality constraint functions are monomials.

• Not a convex optimization problem in general.
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Geometric Program in a Convex Form

• Let xi = eyi .

• A monomial can be re-expressed as

cxa1
1 xa2

2 · · ·xan
n = cea1y1 · · · eanyn = ea

T y+b

where b = log c.

• Likewise, a posynomial can be re-expressed as

K∑
k=1

ckx
a1k
1 xa2k

2 · · ·xank
n =

K∑
k=1

ea
T
k y+bk

where bk = log ck.

• The geometric program can then be transformed to

min
∑K0

k=1 e
aT
0ky+b0k

s.t.
∑Ki

k=1 e
aT
iky+bik ≤ 1, i = 1, . . . ,m

eg
T
i y+hi = 1, i = 1, . . . , p
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• By applying the logarithm to all functions, we obtain an equiv. problem

min log
∑K0

k=1 e
aT
0ky+b0k

s.t. log
∑Ki

k=1 e
aT
iky+bik ≤ 0, i = 1, . . . ,m

gTi y + hi = 0, i = 1, . . . , p

that is convex.
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Example: Optimal Power Assignment Revisited

• Recall the power assignment problem in the last lesson:

min max
i=1,...,K

∑
j ̸=i Gijpj + σ2

i

Giipi

s.t. 0 ≤ pi ≤ pmax,i, i = 1, . . . ,K

• By epigraph reformulation, we may rewrite the problem as

min t

s.t.

∑
j ̸=i Gijpj + σ2

i

Giipi
≤ t, i = 1, . . . ,K

0 ≤ pi ≤ pmax,i, i = 1, . . . ,K
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• The problem can be further reformulated as

min t

s.t.
∑
j ̸=i

GijG
−1
ii pjp

−1
i t−1 + σ2

iG
−1
ii p−1

i t−1 ≤ 1, i = 1, . . . ,K

p−1
max,ipi ≤ 1, i = 1, . . . ,K

with D = RK+1
++ . The problem becomes a geometric program.
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Example: Gate sizing

• Consider a digital circuit with gates interconnected by wires.

• The problem is to determine the size of each gate to minimize the delay in the

circuit subject to area and power constraints.
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• The total area of all gates is

A =
n∑

i=1

aixi,

where xi ≥ 1 is the scale factor of gate i, and ai is the area of gate i under unit

scaling.

• The total power consumed by all gates is

P =

n∑
i=1

fieixi,

where fi is the transition frequency of the gate, and ei is the energy lost in gate

transition.

• The input capacitance Ci and the driving resistance Ri can be modeled as

Ci = αi + βixi, Ri = γi/xi,

for some positive constants αi, βi and γi.
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• The delay of a gate is

Di =

Ri

∑
j∈F (i) Cj , if i is not an output gate

RiC
out
i , if i is an output gate

where F(i) is the set of gates with the inputs connected to gate i, and Cout
i is the

load capacitance of an output gate.

• The worst-case delay D is the maximum delay of all paths from inputs to outputs,

i.e.

D = max
I∈O

∑
i∈I

Di,

where O is the set of all paths from inputs to outputs.
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• In this example, D is given by

D = max{D1 +D5, D1 +D4 +D6, D2 +D4 +D6, D3 +D6}.
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• The problem can be formulated as

min D

s.t. A ≤ Amax, P ≤ Pmax,

xi ≥ 1, i = 1, . . . , n.

• This problem is not a GP, as D is the maximum of some posynomials.

• But it can be converted to a GP by adding a slack variable t,

min t

s.t.
∑
i∈I

Di ≤ t, for all I ∈ O,

A ≤ Amax, P ≤ Pmax,

xi ≥ 1, i = 1, . . . , n.
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